In this paper, we define and study the Kähler-Ricci flow with initial data not being smooth and discuss some natural applications.
Introduction
Let M be an n-dimensional compact (without boundary) Kähler manifold. A Kähler metric g can be represented by its Kähler form ω g on M . Consider the Kähler-Ricci flow on M × [0, T ):
where g(t) is a family of Kähler metrics and Ric(ω g ) denotes the Ricci curvature of g. It is known that for any smooth Kähler metric g 0 , there is a unique solution g(t) of (1.1) for some maximal time T > 0 with g(0) = g 0 . In general, T will depend on the initial metric g 0 . However, in the Kähler manifold case, this only depends on the Kähler class and the first Chern class. This observation plays an important role in our introduction of weak Ricci flow over Kähler manifolds. The Ricci flow was introduced by R. Hamilton in [20] . Extensive research has been done in the case of the smooth flow (cf. [22] , [6] , [14] , [21] , [25] , [12] , [13] , [30] , or [15] for complete updated references). In order to prove the uniqueness of extremal Kähler metrics in full generality, in [9] , the first two named authors were led to the study of Kähler-Ricci flows in the weak sense. More precisely, we proved in [9] that for any initial L ∞ -bounded Kähler metric, there is a uniformly L ∞ -bounded solution of (1.1) with the given initial "metric" in a suitable sense. Moreover, the volume form of the solution converges strongly to the volume form of the initial Kähler "metric" in L 2 -topology as t → 0.
As one may expect, such a weak solution of (1.1) should become smooth immediately after t > 0. Indeed, we confirm this in this paper in a more general setting. Theorem 1.1. For any Kähler current g 0 with C 1,1 bounded potential on M , there is a unique smooth solution g(t) (t ∈ (0, T )) of (1.1) such that lim t→0 + g(t) = g 0 in a C 1,α (∀α ∈ (0, 1)) norm at the potential level.
A special case of Riemann surfaces was also considered in [11] with a completely different proof.
It was known that any Kähler metric with constant scalar curvature is the absolute minimizer of the K-energy on the space of all Kähler metrics with a fixed Kähler class ( [8] , [18] , [24] and [9] ) 1 . From an analytic point of view, it is an extremely difficult problem to prove the existence of a Kähler metric with constant scalar curvature in general cases. One approach is to construct weak minimizers of the K-energy by applying certain variational or continuous methods. This seems to be a plausible direct approach but very hard. However, even if we obtained a C 1,1 minimizer of the K-energy functional, we would still face the regularity problem. In [8] , the first named author made the following conjecture: Any C 1,1 minimizers of the K-energy in a given Kähler class must be smooth. As a consequence of the above theorem, we can solve this conjecture in canonically polarized cases. Corollary 1.2. In a Kähler class which is proportional to the first Chern class, any L ∞ Kähler metric which minimizes the K-energy functional must be smooth.
There is another motivation for this short paper. On a general Kähler manifold, the Kähler-Ricci flow (1.1) may develop singularity in finite time (see [31] ). In an on-going project with his collaborators, the second named author proposed some problems of studying how the Kähler-Ricci flow extends across the finite time singularity (see [28] for more discussion). One of the problems involves constructing solutions of the Kähler-Ricci flow with much weaker initial metrics, possibly on spaces with mild singularity. Our second result gives a partial solution to this problem.
First we recall some standard facts: by the Hodge Theorem, the space of all Kähler metrics in a fixed Kähler class given by a smooth Kähler metric ω is
We denote by Cl L ∞ P (M, ω) all bounded functions plurisubharmonic with respect to ω. Then for any ϕ ∈ Cl L ∞ P (M, ω), there is a well-defined (Borel) measure (ω + √ −1∂∂ϕ) n ≥ 0 using the understanding from pluripotential theory about Monge-Ampère operators introduced in [2] . One can also think of this as a volume form in a weak sense. Now we can state our second result.
Theorem 1.3. For any Kähler potential
ω n converges to ω n ϕ 0 ω n strongly in the L 2 -topology. The organization of this paper is as follows: in Section 2, we show the existence of the weak solution for the induced potential flow which is equivalent to the Kähler-Ricci flow. C 0 -estimates will be derived for the solution and its time derivative. We also examine a convergence problem for these weak solutions as t tends to 0. In Section 3, we derive the 2nd and 3rd order estimates for the weak solutions. Then Theorems 1.1 and 1.3 follow. In the last section, we prove Corollary 1.2.
Weak solutions of the Kähler-Ricci flow
First we reduce the Kähler-Ricci flow (1.1) to a scalar flow. To start with, we note that [ω g 0 ] − tc 1 (M ) represents a Kähler class whenever 0 ≤ t ≤ T for a sufficiently small T > 0 depending only on [ω g 0 ] and c 1 (M ). Choose a smooth family of Kähler forms ω t for t ∈ [0, T ] such that ω 0 = ω and
Then, one can show by standard argument that g(t) solves (1.1) if and only if ϕ(t) solves the following scalar flow:
where h ω t is defined by
Clearly such an h(ω t ) does exist and is unique. As usual, we will regard either (1.1) or (2.1) as the Kähler-Ricci flow on M . For simplicity, we denote by ω ϕ the Kähler form ω t + √ −1∂∂ϕ. To construct a weak solution to the Kähler-Ricci flow equation with non-smooth initial Kähler potentials, as usual, we use smooth approximations of the initial data. Let ϕ 0 be a bounded Kähler potential such that its volume form is in L p for some p > 1. This actually implies Hölder continuity of ϕ 0 from the result in [27] . Let ϕ 0 (s)(0 ≤ s ≤ 1) be a 1-parameter Kähler potential such that the following properties hold:
(1) ϕ 0 (0) = ϕ 0 and ϕ 0 (s) ∈ P (M, ω) for 0 < s ≤ 1.
(2) If ϕ 0 has C 1,1 bound, then ϕ 0 (s) has uniform C 1,1 upper bound and ϕ 0 (s)(s > 0) → ϕ 0 strongly in W 2,q (M, ω) for q sufficiently large. (3) ϕ 0 (s) converges to ϕ 0 uniformly in L ∞ -topology and the volume form ratio converges to ω n ϕ 0 ω n strongly in L p (p > 1). Later in Section 3, less regularity will be assumed, and so the approximation would also be less restrictive.
It is known (cf. [31] ) that for any ϕ in P (M, ω) there is a unique smooth solution of (2.1) on [0,T] with ϕ as the initial value. Therefore, we have ϕ(s, t) ∈ P (M, ω)
Clearly, for each s > 0 fixed, there exists a uniform C 2,α bound for ϕ(s, t) (0 ≤ t ≤ T ). However, the upper bound may well depend on s and so may blow up when t, s are both small. If there is a limit
then we can regard ϕ(t) as a weak solution of (2.1) with initial value ϕ 0 .
Lemma 2.1. The solutions ϕ(s, t) converge uniformly to a family of functions ϕ(t)
Proof. For any positive s and s , put ψ(t) = ϕ(s , t) − ϕ(s, t); then we have
Then the Maximum Principle implies that sup
The lemma then follows easily from our choice of the initial data ϕ 0 (s).
We shall show that ϕ(t) solves the Kähler-Ricci flow and consequently is a weak solution in a suitable sense. For this purpose, one needs to justify that ϕ(t) is a smooth family for t > 0 which solves (2.1) for t > 0 such that lim t→0+ ϕ(t) = ϕ 0 . Of course, this is the core part of this paper. First we derive a few estimates on ϕ(s, t) uniform for s ∈ (0, 1] (Sometimes we abbreviate ϕ(s, t) as ϕ for simplicity). These estimates would eventually be passed on to ϕ(t) by taking the limit as s tends to 0 in some proper sense.
Then the bound on ϕ follows.
The next lemma gives an estimate on the volume form for the Kähler-Ricci flow when t > 0. In this paper, Δ ϕ always stands for Laplacian with respect to the flow metric ω ϕ = ω t + √ −1∂∂ϕ. Traditionally, C might stand for different positive constants at different places. Proof. Differentiating the Kähler-Ricci flow equation
which will be used for the lower bound later in this proof. For the upper bound, let us consider
The t-derivative gives
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
ON THE WEAK KÄHLER-RICCI FLOW 2853
For t small enough, we have
Since F + (0) is uniformly bounded from above, it follows from the Maximum Principle that F + has a uniform upper bound.
For the lower bound, set
Then, using the same C to denote different constants
It is easy to see that for x > 0, with the understanding that these two C's are not the same,
Then the Maximum Principle implies that F − > −C for some uniform constant C; that is, the volume form Next we exam whether lim t→0+ ϕ(t) = ϕ 0 . To make sure of this, we derive some integral estimates.
Proof. For λ > 0, set the modified volume ratio as
We are considering classic smooth solutions. Let C be a constant satisfying:
Use ∇ to denote the gradient with respect to ω ϕ . Then for λ sufficiently large,
For any p ≥ 1, we have
Here we have used the fact that the function xlogx has a lower bound for x > 0.
Since ϕ is uniformly bounded, it follows that
It follows from this lemma that the L p -norm of ϕ(t) is uniformly bounded. By the work of Kolodziej [27] , we know that ||ϕ(t)|| C α is uniformly bounded, where α = α(p) > 0 may depend on p > 1. Then for any sequence t i → 0, there is a subsequence, still denoted by t i for simplicity, such that ϕ(t i ) converges to a C αfunctionφ 0 in the C β -topology for some β ∈ (0, α). A priori, this limit potential might well depend on the sequence we choose. Proof. First we assume that ϕ 0 is smooth, i.e., one of ϕ 0 (s)(s > 0). In the proof of the preceding lemma, set p = 3 and we have
Claim 1. We have for t in some finite interval,
Proof of Claim 1. Since ϕ is uniformly bounded, we can choose a uniform constant c such that ϕ − c ≤ 0. Then we have
It follows by integrating over t and (2.4) that
To prove the first inequality, we observe f = e λϕ f ϕ .
Then,
Thus the first inequality follows from the second one and (2.4). Claim 1 is proved.
Claim 2. For any smooth non-negative cut-off function χ (fixed), we have,
where the first inequality follows from an elementary inequality and the second inequality makes use of the positivity of ω t . In other words, any smooth cut-off function automatically has uniform W 1,2 norm with respect to any Kähler metric in any given Kähler class.
Claim 3. We have
Proof of Claim 3. Let c be the same as in the proof of Claim 1.
In the last inequality, we have used the fact that ϕ is uniformly bounded.
Claim 4. For any positive χ, the following inequality holds
where both constants depend only on |χ| L ∞ and |∇χ| ω,L ∞ .
Proof of Claim 4.
We have used Claims 2 and Claim 3 in deriving the last inequality. Then Claim 4 follows from integrating the above inequality from 0 to t and using Claim 1 and the Schwartz inequality.
A straightforward computation shows
Using this, we deduce
Integrating the above inequality from t = 0 to t = t i and using Claim 4, we have
In deriving the above inequality, we used the fact that ϕ 0 is smooth. For general ϕ 0 as given, applying the above to ϕ(s, t i ) for any s > 0 and then taking the limit as s tends to 0, we get for any ϕ(t i ),
Here one can use Fatou's Lemma and the strong convergence for the measure at initial time.
On the other hand, using the assumption that ϕ(t i ) converges toφ 0 , we can show that in L 2 (M, ω) . The uniqueness of the Monge-Ampère equation for the C 0 solution by Kolodziej as in [26] implies thatφ 0 = ϕ 0 . Since {t i } is any sequence going to 0, we have proved that ϕ(t) converges to ϕ 0 as t tends to 0.
Together with weak convergence, we conclude that ω n ϕ i ω n converges strongly to M, ω) . Hence Lemma 2.5 is proved.
So far, we have shown that with appropriate assumptions on the volume form, the solution of the weak Kähler-Ricci flow really goes (back) to the initial data as t → 0.
Higher order estimates
In this section, we prove the regularity of the weak Ricci flow under appropriate assumptions on the initial Kähler potential ϕ 0 .
3.1. The C 1,1 case. In this subsection, we want to prove the following Laplacian estimates.
In other words, ϕ(t) is uniformly C 1,1 -bounded. Moreover,
Proof. The C 1,1 assumption on ϕ 0 gives an L ∞ (upper) bound for the volume form.
As with Lemma 2.5, it suffices to prove the Laplacian estimate. Let ϕ 0 (s) be the smooth approximations of ϕ 0 and let ϕ(s, t) be the associated solutions as before. Since ϕ 0 is in C 1,1 , we can arrange ϕ 0 (s) with uniformly bounded C 1,1 -norms. Thus, we only need to bound ϕ(s, t) uniformly in C 1,1 . For simplicity, ϕ stands for ϕ(s, ·) below. By Lemma 2.2, it is uniformly bounded.
We first derive a pointwise uniform upper bound on the volume form for t ∈ [0, T ] as follows:
It can be reformulated as
Applying the Maximum Principle, one can easily derive a uniform upper bound for ∂ϕ ∂t − Cϕ. Since ϕ is uniformly bounded, we get a uniform upper bound on ∂ϕ ∂t , so the volume form is uniformly bounded from above.
By standard computation as in [32] , we have
Suppose that the maximum of e −Cϕ tr ω t (ω ϕ ) is attained at some (p, t) in M × [0, T ]. At that point, assuming t > 0 without loss of generality, we have
Using the upper bound for ∂ϕ ∂t , we have
This implies a uniform upper bound of tr ω t (ω ϕ ) at (p, t). Since ϕ is uniformly bounded, it follows that this trace is uniformly bounded. The proposition is thus proved.
3.2. The L ∞ case. We are going to finish proving Theorems 1.1 and 1.3 in this subsection. The estimates will be local for t > 0 under the weaker assumption that the initial Kähler potential is merely bounded.
Let us point out that in this case, one can still define weak flow using smooth decreasing approximation of the initial bounded Kähler potential. 2 These approximation flows have potentials decreasing to the weak flow pointwisely. Moreover, for two choices of such approximations, it is not hard to see that the limits would be the same, because the one-sided relation at the initial time will be preserved along the flow. All these can be justified by applying the Maximum Principle as in Lemma 2.1. Thus we have uniqueness of the weak flow. This also makes sure that what we discuss below is the same weak flow as before when there was more regularity assumptions.
Recall that ω t is a smooth family of Kähler metrics with [ω t ] = [ω] − tc 1 (M ) and ω ϕ = ω t + √ −1∂∂ϕ. Moreover, the Kähler-Ricci flow is reduced to the following equation for ϕ:
ϕ(t) is obtained by taking the limit of ϕ(s, t) as s tends to 0. In order to prove the theorem, we only need to get uniform estimates for higher order derivatives of ϕ(s, t) for all s > 0 small. As before, for simplicity, we can simply assume that ϕ 0 is smooth (as one of the ϕ(s, 0)).
Choose any interval [t 1 , t 0 ] with T > t 1 > t 0 > 0. By Lemmas 2.2 and 2.3, we have the uniform bound for ϕ and ∂ϕ ∂t for t ∈ [t 0 , t 1 ]. Now we derive the Laplacian and higher order derivative estimates by the standard methods (see [32] ; also see [6] or [34] ). The estimates may depend on t 0 .
As in the last subsection, we have
where the bound on ∂ϕ ∂t for t ∈ [t 0 , t 1 ] has been used. The bound for e −Cϕ tr ω t (ω ϕ ) at t − t 0 = 0 is not available. So we consider the following quantity instead:
(t − t 0 ) n−1 e −Cϕ tr ω t (ω ϕ ).
Straightforward computation then gives
Multiply both sides byt − t 0 and reformulate the above to be
Thus at (p,t), using the bound for ϕ,
It follows that for all t ∈ [t 0 , t 1 ],
which implies that
This together with the volume lower bound gives the uniform metric bound locally away from t = 0.
Next, we can get the third order estimate in a similar fashion. We have a similar inequality as in [6] . Of course, in order to do this, we still translate the time to guarantee the uniform metric bound. Let us say that the time is translated so that the original time t = t 0 > 0 is now the new initial time t = 0. The inequality is as follows, for S = g ij ϕ g kl ϕ g λη ϕ ϕ ilλ ϕj kη :
As in [32] , we also have
From the above differential inequality for S, as in the Laplacian estimate, we consider tS instead:
Choosing A > 0 large enough, one has, for t ∈ [0, T ],
The function tS + AΔ ω t ϕ is uniformly bounded at the (new) initial time, t = 0. By the Maximum Principle, if its maximum value is achieved at some point in M and t > 0, then S is bounded there. Consequently, the whole function tS + AΔ ω t ϕ is also bounded there. So we finally conclude that
This provides a local C 2,α bound for ϕ. After this, higher order estimates follow from the standard argument. Therefore, by the Ascoli-Arzela Theorem, we have proved that the weak flow considered so far is actually smooth in (0, T ]. Theorem 1.1 follows from this and the second order estimate in Subsection 3.1. Theorem 1.3 follows from this and Lemma 2.5.
C 1,1 K-energy minimizer
In an earlier paper [9] where the present work was initiated, the first two named authors proved that Proposition 4.1. In any Kähler class, the volume form of any C 1,1 K-energy minimizer belongs to H 1,2 (M, ω).
By Lemma 2.5 and Proposition 3.1, we can prove a stronger result. ω n strongly in L 2 (M, g 0 ) and the Kähler potential ϕ(t) converges to ϕ 0 strongly in C 1,α (M ) for any α ∈ (0, 1). Since the K-energy is decreasing along the Kähler-Ricci flow, we have lim sup t→0 + E(ϕ(t)) ≤ E(ϕ 0 ) = inf φ∈H E(φ).
Since the K-energy is non-increasing for ϕ(t)(t > 0), then for any t > 0, we have inf φ∈H E(φ) ≤ E(ϕ(t)) ≤ inf φ∈H E(φ).
In other words, E(ϕ(t)) = inf φ∈H E(φ), t>0.
Since ω ϕ(t) is a smooth Kähler metric, this means that the scalar curvature of ω ϕ(t) (t > 0) must be constant. Consequently, ω ϕ(t) is a Kähler-Einstein metric for all t > 0. This. in turn, implies that ∂ϕ ∂t is a function of t only. Note that ϕ 0 is the strong C 1,α limit of ϕ(t) as t → 0. Therefore, ϕ 0 − ϕ(t) is a constant which depends only on t. In other words, ω ϕ 0 is also a Kähler-Einstein metric and the theorem is then proved.
